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PROPERTIES OF MODULES WITH ZERO DELTA INVARIANT
MOHAMMAD T. DIBAEI1 AND YASER KHALATPOUR2
ABSTRACT. Let R be a Cohen-Macaulay local ring, I a strongly Cohen-Macaulay ideal of R. It is shown
that there exists a Cohen-Macaulay ideal J of R such that the δR/J-invariant of all Koszul homologies of R
with respect I is zero. Also we show that R/AnnR(I) is a maximal Cohen-Macaulay R-module by means
of the delta-invariant, which improves a result due to Craig Huneke.
1. INTRODUCTION
Throughout the paper, (R,m,k) is assumed to be a Cohen-Macaulay local ring with maximal ideal
m and the residue field k. The delta invariant of a finite (i.e. finitely generated) R-module has been
defined by Maurice Auslander [1]. For a finite module M over a local ring R, the δ -invariant of M is
defined as δR (M) = µR(M/M
cm), where Mcm is the sum of all submodules φ(L) ⊆M, L ranges over all
maximal Cohen-Macaulay R-modules with no non-zero free direct summands, φ ranges over all R–linear
homomorphisms from L to M and µR(−) stands for the minimum number of generators. It follows that
δR(M) ≤ µR(M). The theory of δ -invariant is extensively studied for Cohen-Macaulay modules (see
[14], [12]. [1], [11]).
An ideal I is called strongly Cohen-Macaulay if Hi(I,R) is Cohen–Macaulay for all i, where Hi(I,R)’s
are the homology modules of the Koszul complex of R with respect to ideal I. Note that a strongly
Cohen-Macaulay ideal I is Cohen-Macaulay that is R/I is Cohen-Macaulay as R-module.
In section 2, we first show that if I is a strongly Cohen-Macaulay ideal of R, then there exists an ideal J
of R such that J⊆ I, R/J is Cohen-Macaulay and δR/J(Hi(I,R)) = 0 for all i≥ 0 (see Theorem 2.3). In the
second result, we assume that I is Cohen-Macaulay ideal (not necessarily strongly Cohen-Macaulay) and
show that δR/J(Hs(I,R)) = 0 for some Cohen-Macaulay ideal J, where J⊆ I and s= sup{i : Hi(I,R) 6= 0}
(see Theorem 2.4).
In [8], Huneke has shown that R/AnnR(I) is Cohen-Macaulay if I is a strongly Cohen-Macaulay ideal
R. In section 3, we show that R/AnnR(I) is indeed a maximal Cohen-Macaulay R-module under the
same assumption on I by means of delta invariant (see Theorem 3.6).
2. DELTA INVARIANT OF THE KOSZUL HOMOLOGIES OF R WITH RESPECT TO A STRONGLY
COHEN-MACAULAY IDEAL
Assume that R is a Cohen-Macaulay local ring and that M is a finite R-module. A Cohen-Macaulay
approximation of a finite R-module M is a short exact sequence
(2.1) 0−→Y −→ X
ϕ
−→M −→ 0
such that X is a maximal Cohen-Macaulay R-module and Y is a finite R-module with finite injective
dimension. We say that the sequence (2.1) is minimal if each endomorphism ψ of X with ϕ ◦ψ =
ϕ is an automorphism of X . If R possesses a canonical module ωR then a minimal Cohen-Macaulay
approximation ofM exists and is unique up to isomorphism (see [Theorem 11.16]LW, [7, Corollary 2.4].
It is well known that if (2.1) is a minimal Cohen-Macaulay approximation of M, then δR(M) determines
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the maximum rank of all free direct summands of X , see [11, Exercise 11.47] and [6, Proposition 1.3].
As mentioned in [11, Proposition 11.27],
δR(M)=min{free rank of X :M is a homomorphic image of a maximal Cohen-Macaulay R−moduleX}.
We recall the basic properties of the delta invariant.
Proposition 2.1. [11, Corollary 11.28] and [2, Lemma 1.2]. Let R be a Cohen-Macaulay local ring with
canonical module. For finite R-modules M and N the following statements hold true.
(i) δR(M⊕N) = δR (M)+δR (N).
(ii) If M −→ N is a surjective homomorphism then δR (M)≥ δR (N).
(iii) If R is Gorenstein, then δR (k) = 1 if and only if R is regular.
(iv) If R is Gorenstein, then δR(M) = µ(M) when proj.dim R(M) is finite.
Denote the ith homology module of the Koszul complex of R with respect to a generating set of an
ideal I of R by Hi(I,R). In our discussions we use the following well known result.
Proposition 2.2. [4, Proposition 1.6.11] Let I be an ideal of R and let 0 −→ K −→M −→ N −→ 0 be
an exact sequence of R-modules. Then there exists the long exact sequence
(2.2) · · · −→ Hi(I,K)−→ Hi(I,M)−→ Hi(I,N)−→ Hi−1(I,K)−→ Hi−1(I,M)−→ ·· · .
An ideal I is called strongly Cohen-Macaulay ifHi(I,R) is Cohen–Macaulay for all i (see [5, Definition
3.1]). Note that strongly Cohen-Macaulayness of an ideal I is independent of its generators (see [9,
7.2.9]) for references).
The following result examines the delta invariants of the Koszul homologies of R with respect to a
strongly Cohen-Macaulay ideal I.
Theorem 2.3. Assume that R is a Cohen-Macaulay local ring with a canonical module and that I is a
strongly Cohen-Macaulay ideal of R. Then there exists an ideal J ⊆ I such that R/J is Cohen-Macaulay
and δR/J(Hi(I,R)) = 0 for all i≥ 0.
Proof. If ht (I) = 0, we take J = (0). We have dimR/I = dimR and so Hi(I,R) are maximal Cohen-
Macaulay R-modules. As I ⊆ AnnR(Hi(I,R)), we get Hi(I,R) are stable R-module and result follows.
Now assume that ht (I) > 0. Set J = (x), where x is a maximal regular sequence contained in I so that
ht (I) = ht ((x)). Therefore we have
dimR/(x) ≥ dimR/(x)(Hi(I,R))
≥ depthR/(x)(Hi(I,R))
= depthR(Hi(I,R))
= dimR(Hi(I,R))
= dimR(R/I)
= dimR/(x).
Therefore all Hi(I,R) are maximal Cohen-Macaulay R/(x)-modules. If δR/(x)(Hi(I,R)) 6= 0, then R/(x)
is a direct summand of Hi(I,R) which implies that I = (x) and so H j(I,R) = 0 for all j > 0, by [13,
Theorem 16.5]. As a result R= (x) which is a contradiction. 
It is shown in Theorem 2.3 that, in a Cohen-Macaulay local ring R with a canonical module, if I is a
strongly Cohen-Macaulay ideal of R, then δR/J(Hi≥0(I,R)) = 0, for some Cohen-Macaulay ideal J of R
with J ⊆ I. Now, in the following result we prove, among other things, the same claim for the top non-
zero Koszul homology of a Cohen-Macaulay ideal I which is not necessarily strongly Cohen-Macaulay.
Theorem 2.4. Let R be a Cohen-Macaulay local ring admits canonical module ωR. Suppose that I
is a (not necessarily strongly) Cohen-Macaulay ideal of R. Then there exists a Cohen-Macaulay ideal
J ⊆ I such that δR/J(Ext
i
R(R/I,ωR)) = 0 for all integer i ≥ 0. In particular, δR/J(Hs(I,R)) = 0, where
s= µR(I)−ht R(I).
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Proof. As Ext iR(R/I,ωR) = 0 for all i 6= htR(I) (see [4, Exercise 3.1.24] and [13, Theorem 17.1]), we
have nothing to proof. For the case i = htR(I), by induction on htR(I) = t. for the case t = 0, we
choose J = 0. By [4, Proposition 3.3.3], HomR(R/I,ωR) is maximal Cohen-Macaulay R-module. As
HomR(R/I,ωR) has no free direct summand, we get δR(HomR(R/I,ωR)) = 0.
Now suppose that t > 0 and it has been settled for smaller than t. Choose a non-zero divisor a∈ I on R
and set R= R/aR, I = I/aR. Note that htRI = t−1 and I is a Cohen-Macaulay ideal of R. By induction
hypothesis, there exists an ideal J of R containing a such that J = J/aR⊆ I, R/J is Cohen-Macaulay ring
satisfying δR/J(Ext
t−1
R
(R/I,ωR)) = 0 . Thus we have we have
δR/J(Ext
t
R(R/I,ωR)) = δR/J(Ext
t−1
R
(R/I,ωR/aωR))
= δR/J(Ext
t−1
R
(R/I,ωR))
= 0.
The final claim is clear by [4, Theorem 1.6.16] and Theorem 2.4. 
Let D(−) := HomR(−,ER(R/m)) be the Matlis dual functor. Suppose that I is an m-primary ideal
of R. The following result is a corollary of Theorem 2.4, which shows that there exists a Cohen-
Macaulay ideal J, J ⊆ I, such that δR/J(ER/I(R/m)) = 0. Notice that if I = m then we may choose a
Cohen-Macaulay ideal J of R such that such that R/J is not regular, equivalently δR/J(ER/m(R/m)) =
δR/J(R/m) = 0 (see Proposition 2.1).
Corollary 2.5. Let (R,m) be a Cohen-Macaulay local ring. Suppose that I is an m primary ideal of R.
Then there exists a Cohen-Macaulay ideal J, J ⊆ I, such that δR/J(ER/I(R/m)) = 0.
Proof. Note that ER/I(R/m)∼= D(R/I) is a finitely generated R/I-module also ER/I(R/m)∼= ER̂/Î(R̂/m̂)
as R/I-module and R̂/Î-module. Hence we may assume that R is complete. By Theorem 2.4 there
exists a Cohen-Macaulay ideal J, J ⊆ I, such that δR/J(Ext
ht I
R (R/I,ωR)) = 0. By [4, Theorem 3.5.8],
δR/J(D(Γm(R/I)) = 0. As ER/I(R/m)∼= D(Γm(R/I)), the result follows.

3. MAXIMAL COHEN-MACAULAYNESS OF ANNIHILATOR OF A STRONGLY COHEN-MACAULAY
IDEAL
We start this section by proving that R/AnnR(I) is maximal Cohen-Macaulay R-module by means of
delta invariant. We prove this result by taking several steps. First we prove it in the case R admits a
canonical module.
Theorem 3.1. Suppose that R is a Cohen-Macaulay local ring with a canonical module and that I(6= 0)
is a strongly Cohen-Macaulay ideal of R. If Ann R(I) 6= 0, then δR(R/Ann R(I)) = 0.
Proof. Our proof is by induction on dim (R/I). Let dim(R/I) = 0. As AnnR(I) 6= 0, gradeR(I,R) = 0
which implies that dimR= 0 and so we have nothing to proof.
Assume that dim(R/I) = t > 0 and statement has been settled for smaller than t. Note that
depthR(Hi(I,R)) = dim (R/I) (see [8, Remark 1.5]). Choose an element x ∈ R which is a non-zero
divisor on R and on all Koszul homologies Hi(I,R). Set R = R/xR and I is image of I under ho-
momorphism R −→ R/xR. The exact sequence 0 −→ R
x
−→ R −→ R −→ 0 gives the exact sequence
0 −→ Hi(I,R)
x
−→ Hi(I,R) −→ Hi(I,R) −→ 0. Therefore Hi(I,R) ∼= Hi(I,R)/xHi(I,R) for all i ≥ 0. In
particular, R/I ∼= (R/I)/x(R/I) and all Hi(I,R) are Cohen-Macaulay. Hence, our induction hypothesis
implies that δR(R/(0 :R I)) = 0.
To be precise, we assume that I is generated by n elements. Concentrating on the nth term of the
Koszul complex, we get
(0 :R I)/x(0 :R I) ∼= (0 :R I)
= (x :R I)/xR
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On the other hand, As xR∩ (0 :R I) = x(0 :R I), we have
(0 :R I)/x(0 :R I) = (0 :R I)/x∩ (0 :R I)
∼= xR+(0 :R I)/xR
The above natural isomorphisms imply that (x :R I) = xR+(0 :R I). Hence
R/(0 :R I)
x(R/(0 :R I))
∼= R/(xR+(0 :R I))
= R/(x :R I)
∼= R/(0 :R I).
Note that,
δR(R/(0 :R I)) ≤ δR(
R/(0 :R I)
x(R/(0 :R I))
)
= δR(R/(0 :R I)).
= 0

Remark 3.2. Let R be a Cohen-Macaulay local ring with a canonical module. Assume that I is a strongly
Cohen-Macaulay ideal of R and M is an R-module such that (0 :M I) 6= 0. Then δR(M/(0 :M I)) = 0 if
one of the following conditions hold.
(a) M is a maximal Cohen-Macaulay R-module.
(b) dimR= 1 and M is torsion-free R-module.
Proof. It is enough to prove (a). As (0 :M I) 6= 0, we have grade (I,M) = 0 so that
dimR(M/IM) = dimR= grade (I,R)+dimR(R/I)
because M is maximal Cohen-Macaulay R-module. As dimR(M/IM) ≤ dimR(R/I), we have
grade (I,R) = 0, i.e. (0 :R I) 6= 0. AsM is a homomorphic image of a finite free module, say
n
⊕R−→M,
one gets a surjective homomorphism
n
⊕(R/(0 :R I))−→M/(0 :M I) and so
δR(M/(0 :M I)) ≤ δR(
n
⊕(R/(0 :R I)))
≤
n
∑δR(R/(0 :R I)) = 0.
by Theorem 3.1. 
Remark 3.3. Let R be a Cohen-Macaulay local ring and let I 6= 0 be a strongly Cohen-Macaulay of
R such that Ann R(I) 6= 0. Then R is not regular. More over, if proj.dim R(Ann R(I)) < ∞ then R is not
Gorenstein.
Proof. Suppose that R is regular ring. By Proposition 3.1 we have δR(R/AnnR(I)) = 0 therefore we get
R=AnnR(I)which is a contradiction. More over, if proj.dim R(AnnR(I)) is finite then δR(R/AnnR(I)) =
1 (see Proposition 2.1) which is a contradiction by 3.1.

In [8, Proposition 1.1], it is shown by Huneke that if I is a strongly Cohen-Macaulay ideal of a
Cohen-Macaulay ring R, then R/AnnR(I) is Cohen-Macaulay. We first show that R/AnnR(I) is maximal
Cohen-Macaulay when R is Gorenstein.
Theorem 3.4. Let R be a Gorenstein local ring and let I be a strongly Cohen-Macaulay ideal of R. Then
R/Ann R(I) is a maximal Cohen-Macaulay R-module.
Proof. We may assume that AnnR(I) 6= 0. By Theorem 3.1, δR(R/AnnR(I)) = 0. Therefore there exists
a minimal Cohen-Macaulay approximation
(3.1) 0−→Y −→ X −→ R/AnnR(I)−→ 0
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of R/AnnR(I) such that X is a stable R-module. We show, by induction on t := inj.dimR(Y ), that if
(3.1) is a minimal Cohen-Macaulay approximation such that X is stable then Y = 0. If t = 0 we have
depthR= inj.dimR(Y ) = 0. As R is Gorenstein local ring, proj.dimR(Y )< ∞. So we get proj.dim R(Y ) =
depthR−depthR(Y ) = 0. Therefore Y is free R-module. As the sequence 3.1 splits we get a contradiction
unless Y = 0.
Now suppose that t > 0 and the claim has been settled for smaller than t. Note that AnnR(I) 6= 0
implies that grade (I,R) = 0 so that we may choose x ∈ R which is a non-zero divisor on R and on all
Hi(I,R), i≥ 0. Set R= R/xR, I = I+ xR/xR. From the exact sequence 0−→ R
x
−→ R−→ R−→ 0 one
has the exact sequence
(3.2) 0−→ Hi(I,R)
x
−→ Hi(I,R)−→ Hi(I,R)−→ 0,
which shows that I is also a strongly Cohen-Macaulay ideal of the Gorenstein ring R. As AnnR(I) 6= 0,
(3.2) implies that AnnR(I) 6= 0. By Theorem 3.1, δR(R/AnnR(I))= 0. As x is R-regular, it is R/AnnR(I)-
regular and so from the exact sequence 3.1 we have the exact sequece
(3.3) 0−→Y/xY −→ X/xX −→ R/AnnR(I)−→ 0.
which is a minimal Cohen-Macaulay approximation for R/AnnR(I) (see [3, Lemma 5.1]). Note that a
minimal Cohen-Macaulay approximation is unique up to isomorphism and δR(R/AnnR(I)) = 0, there-
fore X/xX is stable R module. Notice that inj.dim (Y/xY ) = t−1 and by induction hypothesis we have
Y/xY = 0 and so the result follows. 
In order to present our main result, we need the following preparatory lemma.
Lemma 3.5. Assume that S −→ R is a surjective homomorphism of Cohen-Macaulay local rings with
the same dimensions and that I is a strongly Cohen-Macaulay ideal of R such that Ann R(I) 6= (0). Set
Ic for the contraction of I in S. Then there exists an element z ∈ S which is either zero or is a non-zero
divisor on S such that Ic+ zS/zS is a strongly Cohen-Macaulay ideal of the ring S= S/zS.
Proof. We proceed by induction on t := depthR(R/I). For t = 0 , one has
depth S(Hi(I
c,S)) ≤ dim S(Hi(I
c,S))
= dim S(S/I
c)
= dimR(R/I) = 0,
which means Ic is a strongly Cohen-Macaulay ideal of S.
Assume that t > 0 and the statement is settled for t− 1. As I is a strongly Cohen-Macaulay ideal of
R, dimS = t > 0 and there exists x ∈ S such that x is non-zero divisor on S, R and on all Hi(I,R), i≥ 0.
Set R= R/xR, I = I+xR/xR and S= S/xS . The exact sequence 0−→ R
x
−→ R−→ R−→ 0 implies the
exact sequence
0−→ Hi(I,R)
x
−→ Hi(I,R)−→ Hi(I,R)−→ 0.
Therefore Hi(I,R) is Cohen-Macaulay R-module and so I is a strongly Cohen-Macaulay ideal of the
Cohen-Macaulay ring R. Note that depthR(R/I) = t−1 and there is the induced ring epimorphism S−→
R of Cohen-Macaulay local rings with dimR = dimS and that AnnR(I) 6= 0. By induction hypothesis
either I
c
or I
c
+ yS/yS is a strongly Cohen-Macaulay ideal of S or S/yS, respectively, for some S-regular
element y. In case I
c
, i.e. Ic+ xR/xR, is strongly Cohen-Macaulay ideal of S, we put z= x. Assume that
I
c
+ yS/yS, i.e. Ic+(x+ y)S/(x+ y)S, is a strongly Cohen-Macaulay ideal of S/(x+ y)S. Note x,y is a
regular sequence on the local ring S, it follows that x+y is a regular element on S. By choosing z= x+y,
the result follows. 
Now we present our main result which strengthen the result of Huneke, i.e. with the same hypothesis,
R/AnnR(I) is a maximal Cohen-Macaulay R-module by means of the δ -invariant.
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Theorem 3.6. Let R be a Cohen-Macaulay local ring and let I be a strongly Cohen-Macaulay ideal of
R. Then R/Ann R(I) is a maximal Cohen-Macaulay R-module.
Proof. We may assume that AnnR(I) 6= (0). As Ĥi(I,R) ∼= Hi(Î, R̂), Î is a strongly Cohen-Macaulay R̂-
module. Also maximal Cohen-Macaulayness of R̂/Ann
R̂
(Î) as R̂-module is equivalent to that R/AnnR(I)
is a maximal Cohen-Macaulay R-module. Therefore we may assume that R is a complete local ring.
Assume that S −→ R is a ring epimorphism such that S is a Gorenstein local ring with dimR= dimS.
Set Ic as the contraction of I. By Lemma 3.5, there exists an element x ∈ S which is either zero or is
a non-zero divisor on S such that Ic+ xS/xS is a strongly Cohen-Macaulay ideal of the Gorenstein ring
S = S/xS. By Theorem 3.4, S/Ann S(I
c+ xS/xS) is a maximal Cohen-Macaulay S-module. Note that
Ann S(I
c)+ xS/xS ⊆ AnnS(I
c+ xS/xS) implies that
dimS = dim S(S/Ann S(I
c+ xS/xS))
≤ dim S
S
Ann S(Ic)+ xS/xS
≤ dimS.
We also have
S/Ann S(I
c)
x(S/Ann S(Ic))
∼=
S/Ann S(I
c)
xS+Ann S(Ic)/Ann S(Ic)
∼=
S
xS+Ann S(Ic)
∼=
S
xS+Ann S(Ic)/xS
.
Therefore
S/Ann S(I
c)
x(S/Ann S(Ic))
is maximal Cohen-Macaulay S-module. Hence S/Ann S(I
c) is a maximal
Cohen-Macaulay S-module. As, there is a natural isomorphism S/Ann S(I
c) ∼= R/AnnR(I), R/AnnR(I)
is a maximal Cohen-Macaulay R-module. 
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